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Summary. In this chapter, we will present an advanced parallel electro-cardiac
simulator, which employs anisotropic and inhomogeneous conductivities in realistic
three-dimensional geometries for modeling both the heart and the torso. Since partial
differential equations (PDEs) constitute the main part of the mathematical model,
this chapter thus demonstrates a concrete example of solving PDEs on parallel
computers. It will be shown that good overall parallel performance relies on at least
two factors. First, the serial numerical strategy must find a parallel substitute that
is scalable with respect to both convergence and work amount. Second, care must
be taken to avoid unnecessary duplicated local computations while maintaining an
acceptable level of load balance.

1 Introduction
The contraction of the heart is triggered by a signal wave that propagates
through the muscle tissue. Between two heart beats, each muscle cell is in a
resting phase and has a surplus of negative charge compared to the exterior
of the cell. This is called a negative transmembrane potential. When the signal wave reaches a cell, the conductivity properties of the cell membrane are
altered, and positive ions are able to enter the cell. This is the so-called depolarization of the cell. This depolarization causes the neighboring cells to also
alter their membrane conductance, thus allowing ions to enter. In this way
the signal is sustained and travels through the whole heart. The aggregated
effect of all the cells being depolarized is measurable on the body surface as
the peak of the ECG signal.
The currently most accurate mathematical model of the electrical activities of the heart tissue is the Bidomain model, which will be defined precisely
in Section 2. It consists of two coupled PDEs, where the primary unknowns
are the electrical potentials outside and inside of the cell. The difficulty with
solving this mathematical model is that the current crossing the membrane,
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hereafter referred to as the ionic current, depends nonlinearly on the potentials and also on a large number of other entities, such as ionic concentrations
and permeability of the membrane. These entities are typically modeled by
a system of ordinary differential equations (ODEs). A complete mathematical model thus consists of the Bidomain PDE system coupled with an ODE
system. For an example of computer simulations of cardiac electrophysiology,
we refer to Figure 1 which shows two snapshots from a prototypical threedimensional simulation done in [19].
The ODE system can be quite complex. For example, the model of Winslow
et al. [36] involves 30 state variables. As more biological data become available,
more detailed descriptions are incorporated into the models, and consequently
the model complexity increases. There also exist simplified models with only
a few state variables. For some applications these simple models might be sufficient, but they are typically valid only within a narrow range. The complex
models are more realistic as they include many of the subsystems within the
cell, which may be calcium stored inside the cell or the state of the different
membrane proteins. These proteins allow current to pass through the membrane, forming so-called ionic channels. Since the complex models are more
realistic, they have a wider area of application. For example, one can investigate the effect of a drug that blocks an ionic canal by simply reducing the
current going through this channel in a complex model. There is, in general,
a complex interplay between different the ionic channels, and it is not easy to
predict how the blocking of one type of channel affects the cell as a whole, or
indeed the performance of the entire heart. Simulation of such systems will
therefore give us an insight that is not easily obtainable in any other way.
The time scale of the biochemical process in a cell is very small compared
with the duration of a heart beat. The depolarization of a cell takes about
1ms, in comparison with about one second for a heart beat. From a numerical
point of view, another challenge is that the activation signal wave front is very
narrow, about 1mm compared with 10cm for the whole heart. A commonly
reported value for the required spatial resolution is 0.2mm, which is necessary
for rendering the narrow wave front with sufficient accuracy; see e.g. [3, 33].
Using such a mesh point density over the entire heart volume of an adult means
that about 40 million mesh points are required; see [18]. It is obvious that the
computational challenges are formidable for such a numerical problem.
To deal with the computational burden, one often resort to studying simplified mathematical models. One option is to use the Monodomain model,
which is a scalar PDE and can be derived as a special case of the Bidomain
model. Another option is to use simpler models for the ionic current. These
simplifications together can reduce the computation time by at least a factor of 10. This time saving factor is due to a combination of at least four
reasons: a) the number of unknowns in the Bidomain model is twice of that
in the Monodomain model, b) the resulting linear system of the Bidomain
model (from applying a linearization and spatial discretizations) requires considerably more iterations of an iterative solver than the Monodomain model,
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Fig. 1. Snapshots from two time levels of a simulation of the electrical field in the
human heart and torso. At each time level, the electrical potential distribution on
the heart surface is shown at three different angles, while the distribution on the
torso surface is shown at two different angles.

especially in the absence of a powerful preconditioner (see e.g. [27]), c) the
computational cost of one matrix-vector product associated with the Bidomain model is approximately four times of that with the Monodomain model,
and d) a simpler ionic current model results in an ODE system that has fewer
equations and is easier to solve. To avoid the need for 40 million mesh points
one can also consider a volume smaller than the entire heart, or, alternatively,
use a coarser mesh resolution. Both these approaches are popular since they
make it easier to fit the whole problem onto a serial computer, but at the
expense of less realistic results.
Performing full-scale simulations of the entire heart is only possible by
using parallel computers. We can argue for this observation roughly as follows.
Assuming 40 × 106 mesh points in the heart domain and using the Winslow
ODE model, the total number of degrees of freedom amounts to 32 × 40 × 106 ,
where for each mesh point there are two PDE degrees of freedom and 30
ODE degrees of freedom. At any given time level, storing the values of all the
degrees of freedom will require approximately 10GB memory using double
precisions. The time stepping scheme typically needs to store the values for
two consecutive time levels. Moreover, the data structure needed for storing
the computational meshes and the matrix for the discretized PDEs will require
considerably more memory. Clearly, such a huge demand of memory can not
be met by any serial computer, in addition to the equally huge demand of
simulation time.

4

X. Cai and G. T. Lines

Parallel electro-cardiac simulation is still a relatively new research topic.
Publications on this particular topic have been sparse. This is due to a combination of the complicated mathematical model, the necessity of an advanced
numerical strategy, and the difficulty with writing a high-performance parallel
implementation. Among related works, we can mention [26], [25], [24], [22],
[33], [11], and [35]. In [26], a three-dimensional finite difference model with
a parallel implementation is presented for solving the Bidomain equations
with inhomogeneous and anisotropic conductivities. Four different parallelization schemes are examined in [25] for the simplified Monodomain model in
two dimensions. A modular simulation system for the Bidomain equations is
presented in [24] and speed-up results obtained on regular three-dimensional
meshes are reported. Recently, a fully implicit parallel algorithm for the twodimensional Bidomain equations is proposed in [22], adopting the advanced
Newton-Krylov-Schwarz strategy but associated with a very simple cell model.
Moreover, a computer three-dimensional heart model employing the Monodomain equation and a modified Luo-Rudy membrane model is reported
in [33], where finite differences with explicit time stepping are used. In [11],
both the monodomain and bidomain models are discussed, where the temporal discretization is of the semi-implicit type and the resulting bidomain
stiffness matrix has a 2 × 2-block structure, in the same fashion as our numerical strategy to be presented in Section 3. However, the two PDEs are
both of the reaction-diffusion type in the bidomain approach of [11], and onelevel domain decomposition preconditioning techniques, which use a relatively
simple subdomain solver, are reported for three-dimensional structured computational meshes. Finally, [35] reports some numerical experiences associated
with a parallel multigrid preconditioner for a two-dimensional bidomain model
based on rectangular meshes. The temporal discretization in [35] is done in
an explicit fashion, such that the two PDEs are solved separately.
To the topic of parallel electro-cardiac simulations, the contributions from
our earlier papers [19, 6, 7] and the present chapter are twofold. First, we have
adopted realistic three-dimensional geometries and an implicit time-stepping
scheme in parallel full-scale simulations, instead of simple rectangular domains. Our mathematical model (see Section 2) has also incorporated the
torso domain, so that the ECG signal can be computed on the body surface,
at the same time when the Bidomain equations are solved in the heart domain. Regarding our earlier papers [19] and [6], no parallel preconditioners
were adopted in [19], whereas the numerical strategy used in [6] did not solve
the two PDEs of the Bidomain model simultaneously. As a second contribution to parallel electro-cardiac simulations, we have devised a fast-convergent
parallel block preconditioner, on the basis of an order-optimal serial block preconditioner that was derived in [32] and further analyzed in [21]. The parallel
block preconditioner was first proposed in [7], and the present chapter contains, among other things, continued work on the parallelization. Using several
performance enhancing techniques, which will be discussed in Section 5, our

Parallel Electro-Cardiac Simulations

5

advanced parallel simulator is shown in Section 6 to obtain decent parallel
performance even on a Linux cluster.
The focus of the present chapter is on a parallel full-scale electro-cardiac
simulator, which employs anisotropic and inhomogeneous conductivity properties in realistic three-dimensional geometries modeling both the heart and
the torso. Another advanced feature is that the two PDEs, which constitute
the Bidomain system in the PDE part of the mathematical model, are solved
together as a coupled 2 × 2 block system of linear equations during each time
step. The 2×2 block linear system arises from a linearization based on an operator splitting technique, together with using an implicit time-stepping scheme
associated with finite element discretizations; see Section 3. We will take the
starting point in an order-optimal serial block preconditioner (see [32, 21])
for the 2 × 2 block system. The overall parallelization strategy is based on
dividing a global solution domain into subdomains. The main challenge arises
from devising and implementing a parallel substitute of the serial block preconditioner; see Section 2, which is essential for the PDE part to obtain a
rapid convergence of a Krylov iterative linear solver. To achieve scalability
with respect to the convergence speed, we build our parallel preconditioner
on the basis of additive Schwarz iterations; see [9, 28, 37]. Such iterations use
a “divide-and-conquer” strategy for partitioning the work load and thus are
compatible with the overall subdomain-based parallel strategy. In fact, the
following advanced numerical ingredients need to be incorporated into the
parallel implementation:
1. a two-block diagonal system is chosen as the preconditioner and is solved
during each preconditioning operation within a parallel conjugate gradient
solver,
2. additive Schwarz iterations are used as the parallel solvers for each of the
two diagonal blocks,
3. multigrid V-cycles are used as the subdomain solvers within each Schwarz
iteration, and
4. global coarse grid corrections are also incorporated into the additive
Schwarz iterations.
Using a combination of the above numerical techniques, we have been able
to obtain an order-optimal parallel preconditioner for the 2 × 2 block linear
system that arises from discretizing the Bidomain equations. More specifically,
the number of parallel Krylov iterations needed for solving the 2 × 2 block
system remains independent of both the number of degrees of freedom and
the number of subdomains. Moreover, the total amount of work during each
preconditioning operation remains approximately linearly proportional to the
number of degrees of freedom.
As the foundation for the parallel implementation, we have used a specially designed mesh partitioning scheme, which partitions both the heart domain and the torso domain in a communication-efficient manner. Moreover,
each subdomain is equipped with a hierarchy of adaptively refined subdomain
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meshes, on which multigrid V-cycles can be run. Due to the mathematical
requirement of overlap by the additive Schwarz iterations, we have also taken
care to avoid unnecessary duplicated local computations. Consequently, satisfactory speed-up results have been obtained for the resulting parallel electrocardiac simulator; see Section 6.
The remainder of the chapter is organized as follows. First, Section 2
presents the mathematical model with an emphasis on the involved PDEs.
Then, Section 3 explains the overall numerical strategy, which is semi-implicit
and is based on an operator splitting technique. The specially designed block
preconditioner, in both its serial and parallel versions, is also explained. Afterwards, Section 4 focuses on the parallelization of the serial numerical strategy,
where implementing the parallel block preconditioner is the main theme. To
obtain a satisfactory parallel performance, Section 5 discusses the issue of reducing the overhead in parallel simulations. Finally, Section 6 reports some
detailed measurements of the full-scale parallel electro-cardiac simulator.

2 The Mathematical Model
The Bidomain equations constitute a well-established mathematical model for
describing the electrical activities in the heart; see [34] and also the references
given in [18]. Let H denote the domain of the heart. We consider the Bidomain
equations of the following form (1)-(2), involving two primary unknown functions in H, i.e., the transmembrane potential v and the extracellular potential
ue .
χCm

∂v
+ χIion (v, s) = ∇ · (Mi ∇v) + ∇ · (Mi ∇ue )
in H,
∂t
0 = ∇ · (Mi ∇v) + ∇ · ((Mi + Me )∇ue )

(1)
in H. (2)

In (1), the nonlinear function Iion (v, s) represents the ionic current, where
s denotes a vector of state variables describing the state of the cell membrane. There exist many models of Iion , which together with different ways
of modeling the interaction between the state variables give rise to different
cell models. Almost all of the cell models rely on solving a system of ODEs
to update the s vector; see e.g. [20, 36]. More specifically, an ODE system of
the form
∂s
= F(v, s, t)
∂t

(3)

models the electrical behavior of the cardiac cells, at every point inside H.
The more sophisticated the cell model, the larger the number of ODEs are
involved in (3). Moreover, χ in (1) is a surface-to-volume scaling factor, Cm
denotes the capacitance of the membrane, and Mi denotes the intracellular
conductivity tensor. Similarly, Me denotes the extracellular conductivity tensor in (2). Due to the fibrous structure of the heart muscle, the conductivity
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Fig. 2. The orientation of the muscle fibers (left) and sheet layers (right) in the
heart.

tensors are anisotropic. More specifically, the formulas for Mi and Me are as
follows:
t
l
t
n
t
Mi,e = σi,e
I + (σi,e
− σi,e
)al aTl + (σi,e
− σi,e
)an aTn ,

(4)

t
l
n
where the constants σi,e
, σi,e
, and σi,e
describe the different conductivity
properties of the heart muscle in three orthogonal directions, I is the identity matrix, while the vectors al and an model the orientation of the muscle
fibers and sheet layers, varying throughout the heart. The superscripts l, t, n
denote, respectively, the direction along the fibers, the direction normal to the
fibers but in the plane of the sheets, and the direction normal to the sheets.
t
l
n
Examples of the σi,e
, σi,e
, σi,e
values are given in (23)-(23) in Section 6. For
a more detailed description, we refer to [17, 29]. Figure 2 shows an example
of the orientation of the muscle fibers and sheet layers in the heart, of which
the al and an vectors have already been used in the different simulations
of [19, 6, 30, 7]. This set of heart muscle data is provided by the Biomedical
Engineering Group at the University of Auckland; see [12]. Inhomogeneity of
the conductivity properties will arise when electrical signals propagate from
the heart into the torso, between organs in the torso, and also when dead or
diseased tissues need to be modelled in the heart.
In order to compute the electrical potential on the body surface by the
same simulation, we supplement the Bidomain equations (1)-(2) with the following elliptic PDE describing the propagation of the electrical signal in the
torso T exterior to the heart:

∇ · (Mo ∇uo ) = 0

in T,

(5)

where uo is the electrical potential in the torso and Mo denotes the associated
conductivity tensor. This supplementary PDE enables a direct comparison
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∂T
∂H

T

H

Fig. 3. A schematic 2D slice of the entire solution domain Ω = H ∪ T .

between ECG measurements and simulated results. We refer to [18] for a
summary on this topic.
To summarize, our complete mathematical model consists of the ODE
system (3) plus three PDEs (1)-(2), and (5), for which the combined solution
domain Ω = H ∪ T is depicted in Figure 3. As for the boundary conditions,
we have
Mi

∂
(v + ue ) = 0,
∂n
Mo

∂ue
∂uo
− Mo
=0
∂n
∂n

ue = uo ,

Me

∂uo
=0
∂n

on ∂T,

on ∂H,

(6)
(7)

where ∂/∂n denotes the derivative in the normal direction on the boundary.
Although the boundary conditions are not sufficient for uniquely determining
ue and uo , they are sufficient for practical applications which are interested
in the variations within the ue and uo solutions, rather than their absolute
values.
In the temporal direction, the mathematical model is to be solved within
a time domain with known initial values for v and s.

3 The Numerical Strategy
3.1 The Time-Stepping Scheme
The starting point of the whole numerical strategy is to use the technique of
operator splitting (see e.g. [36]) to decouple the nonlinear PDE (1) into two
parts:
∂v
1
=−
Iion (v, s),
∂t
Cm
∂v
χCm
= ∇ · (Mi ∇v) + ∇ · (Mi ∇ue ),
∂t

(8)
(9)

i.e., an ODE and a linear PDE. The ODE (8) is then joined with a chosen
ODE system of form (3) to establish the following new system of ODEs:
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∂v
1


=−
Iion (v, s),
∂t
Cm

 ∂s = F(v, s, t),
∂t

9

(10)

which needs to be solved during each time step. We remark that the choice of
Iion and F in the above ODE system determines the so-called cell model, for
which a well-known example is the Winslow model [36].
In the temporal direction, the simulation time domain is divided into discrete time levels:
0 = t0 < t1 < t2 · · · ,
where at each time level tl , l ≥ 1, the solutions from the previous time level,
l−1 l−1
v l−1 , ul−1
, are used as the starting values. Using a θ-rule, where
e , uo , s
0 ≤ θ ≤ 1, we can construct a flexible time-stepping scheme whose work per
time step consists of solving an ODE system twice, separated by the solution
of a system of three PDEs. More specifically, the computational work for the
time step tl−1 → tl consists of the following sub-steps:
1. At every mesh point in H, an ODE system of form (10) is solved for
t ∈ (tl−1 , tl−1 + θ(tl − tl−1 )], using the initial values v l−1 and sl−1 . The
solution results are an intermediate transmembrane potential solution ṽ l−1
and an updated s̃l−1 vector.
2. The three PDEs (9), (2), and (5) are solved simultaneously, where we
remark that (9) is the remaining part of (1) after operator splitting. The
temporal discretization, which uses a θ-rule, is of the following form:
χCm


v̂ l − ṽ l−1
= (1 − θ) ∇ · (Mi ∇ṽ l−1 ) + ∇ · (Mi ∇ul−1
e )
∆t

+θ ∇ · (Mi ∇v̂ l ) + ∇ · (Mi ∇ule ) ,
l

0 = ∇ · (Mi ∇v̂ ) + ∇ · ((Mi +
0 = ∇ · (Mo ∇ulo ).

Me )∇ule ),

(11)
(12)
(13)

We remark that v̂ l , ule , ulo are the unknowns to be found. If we combine the
unknown values of ule and ulo into one vector ul , the spatial discretization
(using e.g. finite elements) will give rise to a 2 × 2 block linear system:

 l
 l  l
χCm I + θ∆tAv θ∆tÂv
v̂
v̂
b
≡ A l =
.
(14)
l
T
0
u
u
θ∆tÂv
θ∆tAu
In the above block linear system, I and Av represent the mass matrix
and the stiffness matrix associated with Mi inside H, respectively. The
bl vector is computed on the basis of ṽ l−1 and ul−1
e . The sparse matrix
Au arises from discretizing (2) and (5) together. That is, we discretize a
combined elliptic equation:
∇ · (M ∇u) = 0 in Ω,

(15)
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using M = Mi + Me in H and M = Mo in T ; see [32] for more details.
The number of degrees of freedom in ul equals the number of mesh points
covering the combined domain Ω = H ∪ T . The Âv matrix is the same as
Av , except that Âv is padded with some additional zero columns to allow
a multiplication of form Âv u, whereas the ÂTv matrix is the transpose of
Âv .
3. At every mesh point in H, the ODE system (10) is solved again for
t ∈ (tl−1 + θ(tl − tl−1 ), tl ], using the initial values v̂ l and s̃l−1 . The computational results are stored in v l and sl .
We refer to [32] for a detailed explanation of the above time-stepping
scheme, and remark that using θ = 1/2 in (11) gives rise to a second-order
accurate temporal discretization. To handle the potentially stiff ODE system
(10), due to steep propagation fronts, we adopt a third-order Runge-Kutta
type scheme proposed in [31]. Although a second-order ODE solver is sufficient for ensuring the order of accuracy in the time direction, our experiences
have indicated that the adopted third-order ODE solver is better at treating
the situations of stiffness, so that fewer intermediate ODE steps are needed
between two time levels. That is, the overall time spent by a third-order ODE
solver is not necessarily larger than that of a lower order ODE solver.
3.2 A Serial Block Preconditioner
By extending the proof given in [23] to also include the torso domain, we can
deduce that the 2 × 2 block matrix A defined in (14) is symmetric and positive
semi-definite. We remark that this property arises from the symmetry and
positive definiteness of the conductivity tensors Mi , Me , and Mo (consequently
are the Av and Au matrices symmetric and positive semi-definite); see [23].
The existence of zero eigenvalues for A is due to the boundary conditions (6)(7). Our earlier experiences have suggested that the conjugate gradient (CG)
method is an appropriate choice for solving (14); see [32].
The next question is how fast can the CG method achieve convergence for
(14)? To answer this question, we have conducted three experiments where
we study the number of CG iterations, denoted by ICG , which is needed to
reduce the residual vector associated with the 2 × 2 block system (14) by a
factor of 104 in the L2 -norm, compared with its initial value before the first
CG iteration. We remark that a typical value of ∆t = 0.125ms is chosen in
building A, and our experiences suggest that the size of ∆t within the range
of [0.1, 0.5]ms does not have an immediate effect on the number of CG iterations. In Table 1, NH denotes the number of unknowns in the v vector, i.e.,
the number of mesh points in the three-dimensional heart domain, whereas
NΩ denotes the number of unknowns in the u vector, i.e., the number of mesh
points in the entire torso domain including the heart. The different numbers
of NH and NΩ are obtained from an adaptive mesh refinement process, which
increases the mesh resolution mainly inside H and keeps the mesh resolution
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Table 1. An example on the number of CG iterations (without preconditioner)
needed for solving the 2 × 2 block system (14) of different sizes.
NH + NΩ
39,589
302,166
1,552,283

ICG
897
1999
4087

inside T mostly unchanged. (We note that all the numerical experiments reported in the present chapter are associated with realistic three-dimensional
geometries.) It can be deduced that without preconditioning the number of
CG iterations approximately doubles when the spacing between mesh points
is halved. The convergence speed is determined by the elliptic operators. Consequently, the work amount of each CG iteration grows much faster than the
number of degrees of freedom, when no preconditioner is used. Although the
values of ICG in Table 1 are associated with one particular time step, numerical experiments have suggested that ICG remains roughly constant throughout
an entire elector-cardiac simulation, i.e., ICG is not sensitive to the changing
right-hand side vector in (14).
To overcome the huge numbers of CG iterations reported in Table 1, a
preconditioner (see e.g. [2]) needs to be used inside the CG iterations. The
standard choices of preconditioning (such as SSOR and RILU) all have the
weakness that the number of CG iterations grows considerably with respect
to the number of degrees of freedom (although the growth is slower than that
reported in Table 1). We would thus like to have an order-optimal preconditioner, which means that the number of CG iterations remains constant
independent of the number of degrees of freedom. Moreover, the work executed in each operation of such an order-optimal preconditioner should be
linearly proportional to the number of degrees of freedom.
A so-called block preconditioner based on multigrid algorithms was first
proposed in [32]. More specifically, the following diagonal block matrix


χCm I + θ∆tAv
0
D=
(16)
0
θ∆tAu
is used as a suitable preconditioner for (14). In other words, the original 2 × 2
block system (14) is replaced with
 l
 l
v̂
b
D−1 A l = D−1
.
(17)
0
u
This means that during each preconditioning operation, the two diagonal
blocks in D need to be solved (approximately). It has recently been shown
in [21] that the number of CG iterations, when using the block preconditioner D, will remain independent of the number of degrees of freedom. The
rapid convergence of this block preconditioner is due to the fact that D is
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Table 2. An example on the number of CG iterations (using the serial multigridblock preconditioner) needed for solving the 2 × 2 block system (14).
NH + NΩ ICG
302,166 15
1,552,283 16

spectrally equivalent to the 2 × 2 block matrix A in (14). To make D an
order-optimal serial preconditioner, we have chosen to apply one multigrid
V-cycle (see [13, 1]) as the approximate solver for both the diagonal blocks
in D. This is because multigrid V-cycles are powerful linear solvers and the
work amount of one multigrid V-cycle is linearly proportional to the number
of degrees of freedom.
To demonstrate the actual effect of the block preconditioner D defined in
(16) using multigrid V-cycles, we list in Table 2 the number of CG iterations
when the block preconditioner is in use. In comparison with Table 1, we can
see that ICG is dramatically reduced and stays independent of the number
of degrees of freedom. Here, we remark that NH + NΩ = 39, 589 in Table 1
is related to the coarsest possible meshes we have for modeling our realistic
heart and torso geometries (see Figure 1). The measurement of ICG associated
with NH + NΩ = 39, 589 is absent in Table 2 because no coarser meshes can
be found to form a mesh hierarchy needed by the multigrid V-cycles.
3.3 A Parallel Block Preconditioner
The objective of finding a parallel version of the block preconditioner D defined in (16) is accompanied with the request of maintaining the rapid convergence speed and the scalability in work amount. To achieve this, we replace
the multigrid V-cycles, which are used in the serial preconditioner for approximately solving each of the diagonal blocks in D, with additive Schwarz
iterations (see [9, 28]). This is mainly motivated by the inherent parallelism
of these domain decomposition algorithms. Moreover, the simple algorithmic
structure of the additive Schwarz iterations (e.g., no special interface solvers
are needed) suits very well for a parallel implementation. In addition, additive
Schwarz iterations are also known to have very good convergence behavior,
similar to the multigrid algorithms.
Roughly speaking, the starting point of any additive Schwarz iteration is
that a global solution domain Ω is divided into a set of overlapping subdomains {Ωs }. Each subdomain becomes an independent working unit, which
mostly concentrates on local discretizations within Ωs and solving local linear
systems. In addition, the subdomains frequently collaborate with each other,
in a form that neighboring subdomains exchange local solutions within overlapping zones. A loose synchronization of the work progress on the subdomains
also has to be enforced.
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The Mathematical Framework of Additive Schwarz Iterations
The mathematics behind the additive Schwarz iterations can be understood
as follows. Suppose we want to solve a global linear system
Ax = b,

(18)

which arises from discretizing a PDE in a global domain Ω. Given a set of
P subdomains {Ωs }, 1 ≤ s ≤ P , such that Ω = ∪Ωs and there is a certain
amount of overlap between neighboring subdomains, we locally discretize the
PDE in every subdomain Ωs . The result of the local discretization is
As xs = bs (x|∂Ωs \∂Ω ).

(19)

The above linear system namely arises from restricting the discretization of
the target PDE within Ωs . The only special treatment happens on the socalled internal boundary ∂Ωs \∂Ω, i.e., the part of ∂Ωs that does not coincide
with the physical boundary ∂Ω of the global domain. We remark that a requirement of the overlapping zones says that any point lying on the internal
boundary of a subdomain must also be an interior point in at least one of the
neighboring subdomains. On the internal boundary, artificial Dirichlet conditions are repeatedly updated using new values of the subdomain solutions
computed in the neighboring subdomains. The involvement of the artificial
Dirichlet conditions is indicated by the notation bs (x|∂Ωs \∂Ω ) in (19). On the
remaining part of ∂Ωs , the original boundary conditions of the target PDE
are valid as before.
For the artificial Dirichlet conditions to converge toward the correct values on the internal boundary, iterations need to be carried out. That is, we
generate on each subdomain a series of approximate solutions x0s , x1s , x2s . . .,
which will hopefully converge toward the correct solution xs = x|Ωs . The kth
additive Schwarz iteration is thus defined as
k−1
xks = A−1
|∂Ωs \∂Ω ),
s bs (x

xk = composition of all xks .

(20)

The symbol A−1
s in (20) means an inverse of the subdomain matrix As , but
an approximate subdomain solver that is sufficiently close to A−1
is also
s
allowed. The right-hand side vector bs needs to be updated with artificial
Dirichlet conditions on the internal boundary, using solution of the previous
Schwarz iteration provided by the neighboring subdomains.
Parallel Computing with Additive Schwarz Iterations
We note that the subdomain local solves in (20) can be carried out independently in each additive Schwarz iteration. This immediately gives rise to the
possibility of parallel computing. At the end of the kth additive Schwarz iteration, the (logically existing) global approximate solution xk is composed
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subdomain 1
subdomain 2
Fig. 4. A simple example of two overlapping subdomains.

on the basis of the subdomain approximate solutions {xks }. In particular, the
following rule for composing a global solution, using the principle of partition
of unity, should be used:
•
•

•

An overlapping point refers to a point that lies inside a zone of overlap,
i.e., the point belongs to at least two subdomains.
For every non-overlapping point, i.e., a point that belongs to only one
subdomain, the global solution attains the same value as that inside the
host subdomain.
For every overlapping point, let us denote by ntotal the total number of
host subdomains that own this point. Let also ninterior denote the number
of subdomains, among those ntotal host subdomains, which do not have
the point lying on their internal boundaries. (The setup of the overlapping
subdomains ensures ninterior ≥ 1.) Then, the average of the ninterior local
values becomes the global solution on the point. The other ntotal − ninterior
local values are not used, because the point lies on the internal boundary
there. (Take Figure 4 for instance, where there are four overlapping points
shared between the two subdomains. For the two “middle” overlapping
points we have ninterior = ntotal = 2, whereas for the two “outer” overlapping points we have ninterior = 1 and ntotal = 2. That is, on each of the
two “middle” overlapping points, the two values from the two subdomains
should be averaged, whereas on each of the two “outer” overlapping points,
the value from the neighboring subdomain should replace the value on the
host subdomain.) Finally, the obtained global solution is enforced in each
of the ntotal host subdomains. For the ntotal − ninterior host subdomains,
which have the point lying on their internal boundary, the obtained global
solution will be used as the artificial Dirichlet condition during the next
Schwarz iteration.

To compose the global solution and update the artificial Dirichlet conditions, as described by the above rule, we need to carry out a procedure of
communication among the neighboring subdomains at the end of each additive Schwarz iteration. During this procedure of communication, each pair
of neighboring subdomains exchanges between each other an array of values
that are associated with their shared overlapping points. It is clear that if each
subdomain solution xks converges toward the correct solution x|Ωs , the difference between the subdomain solutions in an overlapping zone will eventually
disappear.
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Mathematically, a subdomain matrix As in (19) should arise from first
building the global matrix A in (18) and then cutting out the portion of
A that corresponds to the mesh points lying in Ωs . However, this approach
requires unnecessary construction and storage of global matrices, which is
not a desired situation during parallel computations. We just make the point
that the global matrix A can be conceptually represented by the collection of
subdomain matrices As .
A Layered Design of the Parallel Block Preconditioner
To devise a parallel version of the block preconditioner D defined in (16), we
suggest a layered design. First, two separate additive Schwarz iterations (see
e.g. [5]) approximately solve the two diagonal blocks in D, i.e., χCm I + θ∆tAv
and θ∆tAu , respectively. Let us demonstrate this for the second diagonal
block. For this purpose, one additive Schwarz iteration for approximating the
inverse of Au can be expressed as
A−1
u ≈

P
X

A−1
u,s ,

(21)

s=0

where it is assumed that the body domain Ω is partitioned into P overlapping subdomains Ωs , 1 ≤ s ≤ P . Thus, Au,s denotes a subdomain matrix
that arises from a discretization restricted to Ωs . Note that Au,0 in (21) is
associated with a discretization on a very coarse global grid. The use of A−1
u,0 ,
also called coarse grid correction, is to ensure convergence independent of the
number of subdomains P ; see e.g. [28]. The implementation issues for this
topic will be discussed in Section 4.3.
Second, as an approximate subdomain solver, we use multigrid V-cycles.
This is because the complexity of such cycles is linearly proportional to the
number of subdomain unknowns. The construction of a required hierarchy of
subdomain meshes is described in Section 4.2.
In summary, the combination of additive Schwarz iterations on the “global
layer” and multigrid V-cycles on the “subdomain layer” constitutes the parallel version of the block preconditioner D defined in (16). Scalability with
respect to the number of unknowns is due to the spectral equivalence between
the inverse of the two diagonal blocks in D with the two separate additive
Schwarz iterations, such as (21) corresponds to the second diagonal block in
D. We remark that corresponding scalability in the serial case has been proved
in [21]. Moreover, multigrid V-cycles are used as the subdomain solvers in the
additive Schwarz iterations. Convergence independent of the number of subdomains is due to using the coarse grid correction; see e.g. [28].
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4 A Parallel Electro-Cardiac Simulator
Incorporating parallelism into the preceding numerical strategy for electrocardiac simulations requires parallelization of each of the three sub-steps in
the time-stepping scheme from Section 3.1. The first and third sub-steps are
readily parallelizable, because the solution of the ODE system (10) at any two
mesh points in H can be carried out completely independent of each other. For
the second sub-step, preconditioned CG iterations can be parallelized using a
subdomain-based approach with a distributed data structure, which will be
explained in the following text.
4.1 Parallel Computing Based on Subdomains
Let P denote the number of processors; we adopt the approach of explicit
domain partitioning that divides the entire computational work among the
processors. Recall that the combined global domain Ω consists of the heart
domain H and the torso domain T , so we partition both H and T into P pieces;
see Figure 5. Processor s is thus responsible for the composite subdomain
Ωs = Hs ∪ Ts . In addition, we also introduce a certain amount of overlap
between the subdomains to enable the additive Schwarz iterations useful in
the parallel preconditioner. More details on the issue of domain partitioning
will be presented in Section 4.2.
For the parallelization of the first and third sub-steps of the time-stepping
scheme, i.e., solving the ODE system (10), processor s only needs to consider
the mesh points inside the heart subdomain Hs . In principle, no communication is needed between the processors. However, to reduce the unnecessary
duplicated local computations due to overlap between the subdomains, some
additional communication may help to reduce the local computation volume;
see Section 5.
To achieve parallel CG iterations using the block preconditioner, both the
involved linear algebra operations and the block preconditioner need to be
executed in parallel. A distributed data structure suits this purpose very well.
We recall that the global domains H and Ω are partitioned into a set of subP
domains {Hs }P
s=1 and {Ωs }s=1 . The global matrices (such as Av and Au ) and
global vectors can thus be represented collectively by the subdomain matrices
(such as Av,s and Au,s ) and subdomain vectors that are distributed on the
different processors. There is no need to physically construct the global matrices and vectors, because all the global linear algebra operations involved in
a Krylov subspace method (such as the CG method) can be parallelized by
doing subdomain linear algebra operations with additional communication between neighboring subdomains. In such a setup, each subdomain becomes an
independent working unit, which mostly concentrates on local discretizations
within Hs or Ωs and solving local linear systems. In addition, the subdomains
frequently collaborate with each other, in a form that neighboring subdomains
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exchange local solutions within overlapping zones. A loose synchronization of
the work progress on the subdomains also has to be enforced.
During parallel computations for the PDE part, i.e., the second sub-step
of the time-stepping scheme, the work on subdomain s consists of local operations that are restricted to Hs and Ts . That is, local finite element discretizations are carried out independently on each processor. No communication
between the processors is needed for this task of distributed discretizations.
Afterwards, during the parallel CG iterations for solving the global 2×2 block
linear system (14), which is distributed as a set of subdomain 2 × 2 block systems, subdomain local operations need to be interleaved with inter-processor
communication.
Such a subdomain-based approach also suits very well the parallel version
of the block preconditioner D presented in Section 3.3. Subdomain multigrid
V-cycles need only the local matrices and vectors to find, e.g., the approximate
inverse of Au,s , which is needed in the additive Schwarz iterations. Besides,
the distributed data structure is compatible with the communication between
neighboring subdomains when all the processors have finished the subdomain
multigrid V-cycles. The rules for the communication are described earlier in
Section 3.3.
4.2 A Special Strategy for Mesh Partitioning
A special feature of our numerical strategy is that both the ODE system (10)
and the linear parabolic PDE (9) use H as the solution domain, whereas the
composite elliptic PDE (15) uses Ω = H ∪T as the solution domain. Therefore,
we need to have Hs ⊂ Ωs on each subdomain in order to form a distributed
set of subdomain 2 × 2 block matrices As (1 ≤ s ≤ P ) for running the parallel
CG iterations, where


χCm Is + θ∆tAv,s θ∆tÂv,s
As =
.
(22)
θ∆tAu,s
θ∆tÂTv,s
In addition, to apply multigrid V-cycles as the subdomain solvers in each
additive Schwarz iteration, we also need to have a hierarchy of subdomain
meshes for Hs and a hierarchy of subdomain meshes for Ωs , respectively. To
satisfy these two requirements, we use the following scheme for partitioning
the global domains H and Ω, while generating desired subdomain mesh hierarchies:
1. For the global domain Ω, we start with a global coarse mesh GΩ,0 .
This mesh can be used in connection with coarse grid corrections
inside the additive Schwarz iterations; see Section 4.3.
2. Then, if necessary, we recursively perform an adaptive mesh refinement Jg ≥ 0 times, such that we obtain a hierarchy of global
meshes: GΩ,0 , GΩ,1 , . . . , GΩ,Jg .
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T1
H1

H2

T4

T2
H4

H3
T3

Fig. 5. A simplified diagram showing the strategy of domain partitioning for producing subdomains Hs and Ωs . Here are four heart subdomains and four torso
subdomains. Each subdomain Ωs is composed of Hs and Ts .

3. The so-far finest global mesh GΩ,Jg is then partitioned to give
rise to a set of overlapping subdomain meshes: {GΩs ,0 }P
s=1 . This
overlapping mesh partitioning is achieved by first individually carrying out non-overlapping partitioning of the global meshes GH,Jg
and GT,Jg . (Note that GT,Jg may contain a considerable number of
mesh points, necessary for describing the fine-scale changes of the
conductivity tensor Mo due to, e.g., lungs and bones.) Thereafter,
a certain amount of overlap is added to the subdomain meshes
to give rise to the overlapping subdomain meshes {GΩs ,0 }, where
each GΩs ,0 contains a subdomain heart mesh GHs ,0 . Note that the
second subscript ’0’ in the notation GΩs ,0 indicates that GΩs ,0 is
the coarsest subdomain mesh on subdomain s.
4. Afterwards, we recursively perform an adaptive mesh refinement
Js times on each subdomain independently. The final result is
that, on subdomain number s, we obtain a subdomain mesh hierarchy: GΩs ,0 , GΩs ,1 , . . . , GΩs ,Js , which can be used by the subdomain multigrid V-cycles for solving Au,s . In addition, another
subdomain mesh hierarchy is also created for the subdomain Hs ,
i.e., GHs ,0 , GHs ,1 , . . . , GHs ,Js .
The basic idea of domain partitioning in the above partitioning scheme
can be depicted by a simplified diagram in Figure 5, where we have four heart
subdomains and four torso subdomains. Each body subdomain Ωs is composed
of Hs and Ts . A realistic example (which was first reported in connection with
[19]) is shown in Figure 6.
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Fig. 6. An example of partitioning an unstructured heart mesh (left) and an unstructured torso mesh (right).

Remarks.
Balancing the work load on the subdomains depends on an even distribution
of the sizes of the subdomain meshes GΩs ,j and GHs ,j on all the subdomain
mesh levels, 0 ≤ j ≤ Js . This can be roughly achieved by first finding balanced
overlapping subdomain meshes GHs ,0 and GTs ,0 , for 1 ≤ s ≤ P . (Note that
GΩs ,0 = GHs ,0 ∪GTs ,0 .) Then, the adaptive mesh refinement on each subdomain
has to take care to maintain the load balance, while ensuring that elements
in the overlapping regions are refined in exactly the same way between the
neighboring subdomains. We remark that the subdomain meshes at the finest
level, e.g., {GΩs ,Js }P
s=1 , constitute the finest virtual global mesh. In practice,
the subdomain meshes normally have a certain degree of load imbalance,
which is one of the main obstacles for achieving perfect speedup results. The
need for a relatively fine global coarse mesh GΩ,Jg (or GH,Jg ) may arise when
the coarsest global mesh GΩ,0 (or GH,0 ) is too coarse to limit the amount of
overlap between the subdomains during the overlapping mesh partitioning.
More details can be found in [8].
4.3 Coarse Grid Corrections
We recall from Section 3.3 that A−1
u,0 is included in the formula of the additive
Schwarz iteration (21), which approximately inverts Au . The action of A−1
u,0 ,
which is denoted a coarse grid correction, refers to solving a global problem
associated with the coarsest global mesh GΩ,0 . For the block matrix Au , which
arises from discretizing the combined elliptic equation (15), the coarse grid
correction is particularly important for obtaining constant convergence speed,
independently of the number of subdomains P . Otherwise, without the coarse
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Table 3. An example of the effect of coarse grid corrections (CGCs), associated with
the parallel block preconditioner, where ICG denotes the number of CG iterations
needed for solving the 2 × 2 block system (14).
NH + NΩ P
302,166 2
4
8
16
1,552,283 2
4
8
16

Without CGCs With CGCs
ICG
ICG
31
7
41
7
52
7
79
8
32
7
44
7
63
8
113
8

grid correction, the effect of the parallel block preconditioner will deteriorate
when P becomes large. The effect of coarse grid corrections are well illustrated
in Table 3.
In the case where the coarsest global mesh GΩ,0 has a small number of
mesh points, it suffices for every subdomain to solve the same global coarse
grid problem using a serial algorithm. Compared with using a parallel coarse
grid solver, this serial approach requires fewer inter-processor communications
at the cost of a small increase of subdomain computations. However, if GΩ,0
has quite many mesh points, the serial approach will become too costly. A
parallel coarse grid solver must therefore be adopted. In such a case where
the GΩ,0 mesh is quite fine, we assume that there is no need to refine it
before carrying out overlapping mesh partitioning, i.e., Jg = 0. Therefore, the
subdomain coarsest meshes GΩs ,0 constitute a decomposition of GΩ,0 , which
can be used to build a distributed data structure on the coarsest global mesh
level and run the coarse grid solver in parallel.

5 Some Techniques for Overhead Reduction
Recall that the parallel block preconditioner from Section 3.3 uses two separate additive Schwarz iterations as approximate solvers for the two diagonal block matrices of D as defined in (16). The mathematical theory of the
additive Schwarz method requires overlapping subdomains for ensuring the
convergence; see [9, 28, 37]. Therefore, a number of elements and mesh points
are shared between each pair of neighboring subdomains. We also remark that
sufficient overlap between neighboring subdomains is important for obtaining
a rapid convergence.
However, the mathematically required overlap between the subdomains
will give rise to some duplicated computations in both the ODE part and
the PDE part of the parallel electro-cardiac simulator. Regarding the ODE
part, in order to avoid communication in the embarrassingly parallel ODE

Parallel Electro-Cardiac Simulations

21

solver, neighboring subdomains must duplicate computations on the mesh
points lying inside the overlap. As the ODE solver may be quite computationally intensive, this duplication gives rise to considerable overhead, which
deteriorates the speedup. Similarly, duplication also arises in the PDE part,
associated with the overlap between the subdomains. Such duplicated PDE
computations are present on each shared mesh point inside the overlap, when
the matrix-vector product of the global CG method is distributed as a set of
subdomain linear algebra operations. However, we stress that there is no duplicated computation during the parallel preconditioning operations, because
neighboring subdomains are meant to compute different values for the shared
mesh points.
To remove the overhead due to duplicated computations described above,
we need to do a disjoint re-distribution of all the mesh points. Such a disjoint re-distribution should be done on the basis of the existing overlapping
subdomain meshes. For this purpose, let us denote by Ns the total number of
mesh points in subdomain s. Since there is overlap between the subdomains,
we have (for P > 1)
P
X
N<
Ns ,
s=1

where N denotes the total number of points in a global mesh. Moreover, let
us denote by NsO and NsI (where NsO + NsI = Ns ) the number of overlapping
points and the number of interior (non-overlapping) points in subdomain s,
respectively. The essence of a disjoint re-distribution is to divide the NsO overlapping points on subdomain s into two parts: NsO = NsOc + NsOn , where NsOc
is the number of overlapping points that participate in all the computations,
whereas the remaining NsOn non-computational overlapping points do not participate in either the ODE solver or the global-level CG operations in the PDE
solver. The objective of the disjoint re-distribution is to achieve
N=

P
X


NsOc + NsI ,

s=1

while approximately maintaining a constant value of NsOc + NsI independent
of s.
The removal of the duplicated computations, however, comes at the cost
of an increased volume of communication. This is because the values that
are needed on the NsOn non-computational overlapping points need to be
provided by the neighboring subdomains, through message passing. Normally,
the increase of the communication overhead can be justified by the removal
of the duplicated computations.
Devising a high-quality and efficient re-distribution scheme is not trivial.
Research is currently under way to find an optimal scheme which is also executable in parallel, involving collaboration between all the subdomains. For
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Table 4. An example of applying a disjoint re-distribution to the H domain mesh
points, where NH = 632, 432 and W TODE denotes the time consumptions by the
ODE solver for one time step on a Linux cluster; see Section 6 for more details.
P
2
4
8
16

Before re-distribution
After re-distribution
Oc
I
maxs NHs W TODE maxs (NH
+ NH
) W TODE
s
s
405,893
120.75
316201
117.40
225,296
73.48
162,823
65.31
137,446
51.82
89,025
37.20
71,643
29.48
49,057
23.08

Table 5. An example of applying a disjoint re-distribution to the Ω domain mesh
points, where NΩ = 919, 851 and W TCG denotes the time consumptions by the
parallel CG solver for one time step on a Linux cluster; see Section 6 for more
details.
P
2
4
8
16

Before re-distribution
After re-distribution
Oc
I
maxs NΩs W TCG maxs (NΩ
+ NΩ
) W TCG
s
s
600,773
44.30
476,382
42.63
332,163
27.16
248,841
26.42
200,987
21.57
123,662
20.86
110,146
18.40
70,164
17.21

the time being, Tables 4 and 5 show two examples of applying a relatively simple re-distribution scheme to the mesh points in the global H and Ω domains,
respectively. We can see that although the resulting value of maxs (NsI + NsOc )
is dramatically reduced in comparison with maxs Ns , the load balancing quality can be further improved. Regarding Table 5, the reason for only a slight
decrease in W TCG is because the portion of the duplicated computations inside the PDE part is relatively small. Figure 7 depicts the distribution of the
On
Oc
I
values of NΩ
, NΩ
, NΩ
after applying the simple re-distribution scheme to
s
s
s
the Ω mesh points, where NΩ = 919, 851. We can see that the load balancing
Oc
I
situation is considerably improved with respect to NΩ
+ NΩ
, compared with
s
s
NΩs . However, the disjoint re-distribution can clearly be further improved.
Another possibility of overhead reduction lies in the coarse grid corrections within the additive Schwarz iterations, when the global GΩ,0 mesh has
a relatively large number of points. As mentioned in Section 4.3, parallel
coarse grid corrections should in such a case replace serial coarse grid corrections. Table 6 shows the results associated with the parallel PDE solver
when NH + NΩ = 1, 552, 283 for the global fine mesh level and NΩ,0 = 28, 283
for the global coarse mesh level. (We note that coarse grid corrections are not
used in the additive Schwarz iterations for treating the (1, 1) diagonal block of
D.) Both the serial and parallel coarse grid solvers use CG iterations without
preconditioning on the level of the global GΩ,0 mesh. The reason for a deteriorated performance for P = 2 in Table 6 is that the overhead in the parallel
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non−computational overlapping points
computational overlapping points
computational interior points

2.5

2

1.5

1

0.5

0

1

2

3

4
5
Subdomain ID

6

7

8

Fig. 7. The effect of applying a disjoint re-distribution to the Ω mesh points, where
NΩ = 919, 851 and the number of subdomains is 8.
Table 6. The effect of using parallel coarse grid corrections (CGCs) instead of serial
CGCs. The total number of unknowns at the global fine mesh level is NH + NΩ =
1, 552, 283, and W TCG denotes the time consumptions for one time step on a Linux
cluster; see Section 6 for more details.
P
2
4
8
16

Serial CGCs Parallel CGCs
W TCG
W TCG
42.63
44.82
26.42
26.23
20.86
19.42
17.21
13.46

coarse grid solver exceeds the gain from parallelization. The advantage of a
parallel coarse grid solver thus becomes visible when P is large.

6 Numerical Experiments
In this section, we will report some more numerical experiments of the electrocardiac simulation, where we have used the realistic global domains H and
Ω as depicted in Figure 1. The coarsest global GH,0 mesh consists of 56,568
tetrahedral elements and 11,306 mesh points, while the coarsest global GΩ,0

24

X. Cai and G. T. Lines

mesh consists of 162,120 tetrahedral elements and 28,283 mesh points. Since
both the global coarsest meshes have quite high resolution, we directly partition the GΩ,0 mesh (without adaptive refinement) into overlapping subdomain
GΩs ,0 meshes, 1 ≤ s ≤ P . We remark that our mesh partitioning scheme uses
the Metis [14] software package to first generate intermediate non-overlapping
subdomain meshes, which are then expanded to introduce a certain amount
of overlap between neighboring subdomains. Depending on the desired resolution of the finest subdomain meshes, we adaptively refine the GΩs ,0 subdomain
mesh Js times on each subdomain s, as described in Section 4.2. We remark
that the subdomain mesh hierarchy {GHs ,j } (0 ≤ j ≤ Js ) is obtained by “cutting out” the portion of the subdomain mesh hierarchy {GΩs ,j } that lies inside
H.
We have chosen the Winslow cell model (see [36]) for the numerical experiments in this section. Regarding the anisotropic conductivity tensors Mi and
Me , which are defined in (4), the following σ values are used:
σil = 3.0,
σel = 2.0,

σit = 0.31525, σin = 1.0,
σet = 1.3514, σen = 1.65.

(23)
(24)

Moreover, the vectors al and an are depicted in Figure 2. For the surface-tovolume scaling factor used in (1), we have chosen χ = 5.0 × 10−4 .
When the global 2 × 2 block system (14) is solved by the preconditioned
parallel CG iterations at each time step, we consider that the convergence is
reached when the global residual vector is reduced by a factor of 104 from its
initial value at the beginning of the time step, measured in the L2 -norm. For
the multigrid V-cycles that are used as the subdomain solvers in the additive
Schwarz iterations, the pre- and post-smoothers are chosen as three SOR iterations for the subdomain mesh levels 1 ≤ j ≤ Js . On the level of the coarsest
subdomain mesh GHs ,0 or GΩs ,0 , 20 SSOR iterations are used. Coarse grid
corrections have been used in association with the additive Schwarz iteration
handling the second diagonal block in D. The chosen global coarse grid solver
on the GΩ,0 mesh level is also a parallel CG solver, which aims to reduce the
associated residual vector by a factor of 10. We remark that for the additive
Schwarz iteration handling the first diagonal block in D, experiments show
that coarse grid correction is not necessary.
The parallel electro-cardiac simulator is programmed in the scientific computing environment of Diffpack; see [15, 10]. The implementation of the
additive-Schwarz block preconditioner uses the object-oriented programming
techniques and a generic framework for overlapping domain decomposition
algorithms; see e.g. [4, 16].
In Table 7, we list the wall-time measurements of four different tasks within
one time step:
1. W TODE denotes the wall-time consumption of the ODE part.
2. W Tdiscr denotes the wall-time consumption of the finite element discretization procedure for building the 2 × 2 block system (14). We note that
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Table 7. The wall-time measurements (in seconds and obtained on an Itaniumcluster) of different tasks within one time step during parallel full-scale electrocardiac simulations.
Js
1

NH
82,768

NΩ
P
219,398 1
2
4
8
16
2 632,432 919,851 1
2
4
8
16
3 4,942,624 5,762,729 1
2
4
8
16

W TODE
52.85
33.42
18.98
10.26
6.20
381.58
241.85
133.45
75.21
47.77
N/A
N/A
1518.95
942.48
617.41

W Tdiscr
41.08
24.26
13.20
7.55
4.00
246.65
153.36
84.31
49.78
26.18
N/A
N/A
676.02
383.61
191.27

ICG
15
7
7
7
8
16
7
7
8
8
N/A
N/A
9
10
10

W TCG
28.30
13.52
8.25
4.63
3.89
134.93
44.82
26.23
19.42
13.46
N/A
N/A
196.51
121.36
78.19

W Tstep
153.19
93.44
53.64
30.55
23.14
982.11
585.88
327.59
195.79
127.79
N/A
N/A
2511.18
1534.65
952.51

W Tdiscr is noticeably larger for the first time step (which is reported in
Tables 7 and 8) than for the subsequent time steps, because both A and
the right-hand side vector in (14) need to be built in the first time step,
whereas only the right-hand side vector needs to be updated in the subsequent time steps.
3. W TCG denotes the wall-time consumption of the preconditioned parallel
CG iterations for solving (14).
4. W Tstep denotes the total wall-time consumption of one time step.
The measurements in Table 7 are obtained on a Linux cluster that consists of
1.3 GHz Itanium2 processors, inter-connected through a Gigabit ethernet. We
can observe that the number of the parallel CG iterations, which is denoted by
ICG , remains independent of both the number of degrees of freedom and the
number of subdomains (when P ≥ 2). In fact, the parallel additive-Schwarz
block preconditioner has better convergence properties than the serial multigrid block preconditioner. For Js = 3, the finest meshes contain so many points
that the simulator can not be run on fewer than four processors. Therefore,
measurements for P = 1 and P = 2 are absent for Js = 3 in Table 7.
In Table 8, we list the corresponding measurements that are obtained on an
SGI Origin 3800 machine. Due to a faster communication network on the SGI
machine (and slower processors), the scalability of the measurements should
in general be better than that of Table 7. However, due to the extremely heavy
work load on the SGI machine, some of the measurements in Table 8 have
been “slowed down” quite considerably and are thus not very accurate.
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Table 8. The wall-time measurements (in seconds and obtained on an SGI Origin 3800 machine) of different tasks within one time step during parallel full-scale
electro-cardiac simulations.
Js
1

NH
82,768

NΩ
P
219,398 8
16
32
2 632,432 919,851 8
16
32
3 4,942,624 5,762,729 8
16
32

W TODE
19.91
16.12
9.13
155.63
121.67
68.59
1233.72
949.98
534.43

W Tdiscr
20.68
10.84
5.65
169.46
83.76
41.65
1481.66
755.67
381.01

ICG
7
8
8
8
8
8
9
10
10

W TCG
9.07
4.70
3.47
27.30
16.37
15.45
386.63
286.89
144.98

W Tstep
55.30
33.25
21.70
385.08
242.93
142.51
3406.51
2206.67
1197.09

7 Concluding Remarks
Building a high-performance parallel electro-cardiac simulator relies mostly on
an efficient parallel solver for the involved PDEs. Numerically, the convergence
speed of the parallel CG iterations needed in the PDE part is ensured by
a matching parallel substitute of the serial multigrid block preconditioner
D defined in (16). That is, two separate additive Schwarz iterations act as
approximate solvers for the two diagonal blocks in D, while also incorporating
coarse grid correction and using multigrid V-cycles as the subdomain solvers.
With respect to the parallel implementation, satisfactory performance can be
obtained when attention is paid to a good work load balance and the reduction
of unnecessary duplicated computations. However, due to the complicated
shape of the realistic three-dimensional heart and torso meshes, finding a
well balanced set of subdomain mesh hierarchies while restricting the volume
of communication remains a challenging task. This issue should be further
investigated in the future work.
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